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A METHOD OF TKANSVECTION IN THE ACTUAL COEFFI- 
CIENTS, AND AN APPLICATION TO EVECTANTS. 

By 0. E. GLENN, University of Pennsylvania. 
[Concluded from the April Number.] 

The Evectant Opeeators E and W I. 
Consider a form / and a mixed concomitant 4>, 

f=a x J n + na i x i n - 1 x 2 -\- , 4>=S n x 1 n +n? n - 1 r l x 1 n - 1 x i + 

Any invariant of / will still maintain its invariant properties if for / there be 
substituted f+le4>. Let J(a , a 1; ) be the invariant of /. Then 

Z,(a + *l», a.+fcf-Vy, ) 

is also an invariant function (contravariant). Expanding, we obtain 

I, =Z r %—U n /- + I"" 1 r°+ ) I. 

Hence we have the invariant operator 

a a b «=» 5 

oa da , oa n 8=0 oa s 

It has been shown that the most general form of invariant is 

I —(/WJ^Cfc-l) J \xJki,-lhIvhVhlkh-l-h ki-vJl-iVjki-l'i «A Wa^ih-1) + k (h-l) 

tt/iA-k &r+v—K • 

Hence the general form of contravariant is 

EI^Si (a^iA-D+Ai*-!) a„(ft-2 + A (fc-2)....a r+u _ A f"-^ ( ' l) , * w + +a\w a M+A 

Then, since d/dx l and d/d# s are contragredient to x lt x. i , these may replace £ and 
i? in .EJ. Therefore, 

W I=S, (a ,<*-i> + »(*-« a, +A « r+ „_ A __^l_ w + 
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+a A( »j a „(*-«+ a (*-d «„ +A 9a , iW _ r _, + , 9a . 8r+y _ A ) 

is an invariant operator 

Let /=«.*=(« )«r A * x «-*af,». 

.•.-H=(/» /)i=(5) ^iji,j-i t 4m.«m+a «2+,-Aa: 1 4 --' V, 

/=« 

7=0 
J =(/, (/»/)* )4=(1.)(5)*.-« , , I «'.«',- Z *,-I- I «A' «C+A «2+*-A > 

El==(*)(tf*_*e*-V -( «A^r / *-A)=2[(a 4 f*+a r/)-4(a 3 ^,+a 1 ^ s ) 

+3a 2 ?V], 
ST=& (<V+a a 2+ ,_A? 4 - v r/' +a A . a 2W ?*-*-* y+A + o* a„ +A «+*-" ,2+,-aj 

^=6[(a 2 a 4 -a 3 8 )- : *+2(a 2 « g -a 1 a 4 )? 3 ^+(a a 4 +2a 1 a s -3a 2 8 ), s ^ 8 

+2(« 1 a,-a a 3 )?r / H(ao«2-«i S >/ 4 ]> 

J7" J=S A (a M+A « 24 „_ A __ r? _ r _+fl x , « 2+u _ A ___^_^ 

+« A . a^ +Ada ,^ +A _ u aa . 4 2 + „_ A )• 
Operating upon /, T, and iT, we have, 
(J7- i)/=(4-A) U |(* )(J)(2« 4 -A «a )=48i, 



(^ J)/=(4-A) ! A !& (J )(3a A - a„ +A « 2+u _a )=72J, 
(^ t)-H"=-2(jt)«A a„ +A a 2+ v-A«4-,=--48J-, 
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(J57 d J)H=3Si Sy a M+A a 2+v+A <v_ A .a 2+v ._ A . =36[(*)a A a 4 -x] 8 -=36i 8 , 

(JB" t)T=2(4)& a M . +v a M+A a 2+v _ A a 4 _ A *,«-/+* x/-*=0, 

(E d J)T=BS k Sy <v +A . a M+A a 2+ „_ A a M+A a 2+v _ A 3^+* -f »/-*' =0. 

In general, we have the theorem : 

If lis an invariant of degree (ft+2) o/aw «*>,/=(), tffeera the following rela- 
tions exist: 

(H"I)f=--(h+2)n\I, 

[JP (/,/)»](/(/,/ )r).=*( /,(/,(/,/ ),).)» (« even), 

C-B" (/,(/,/ )«)«(«-f) ](/(/- /)r)r=*[( /, /)«, (/.(/,/ ),).).] (» even). 

We next prove the following theorem : 

2%e nth transvectant of a form over an evectant of an invariant of the form is 
a numerical multiple of the invariant.* 
In proof, consider an invariant 

I=S* (a K W a„ (ft-u +A (fc-i) a M+A a r+ „_ A ). 

Then UI=8>, (a M (fc-i) +A fft-i) a li+K a r+ll _ ) ,x 1 n - K< - h) x^ w +« A ma,, (fc-2) +A (/.-i) 

(ft-i)(fc— i) (ft-i)(/»-i) 



This is the sum of (7i+2) eovariants, each of order n and degree (A+l). 
The effect of taking the wth transvectant of / over HI is to introduce the mul- 
tiplier (f) and the factor a t , [see (3)]. It is evident moreover that in the first 
covariant t may be replaced by x (h ), in the second by ( 1 u< ft - 1 > +AC 1 - *) ), etc. Hence 
the result is a sum of (ft-t-2) invariants, each equal to I. Therefore 

(/, M) n =(h+ 2)1, or (2J« I)/=n !(/, i?!),, 

The System for the Binary 7— ic. 

The complete system of concomitants of the binary septic has been exhib- 
ited by Von Gall in Math. Annalen, Bd. 31, in symbolic form. Following is the 
derivation of the base eovariants, in actual coefficients, of degree one to eight, 
and the invariants of degrees four and twelve. The set contains eovariants of all 
orders from one to eleven inclusive, and is derived as an application of the pre- 
vious theory. 

Degree 1. 
f=a x ' 7 —a x^ + 7a l x^x 2 -\- +a 7 a; 2 7 ;'the form itself. 

*Gordan, Invariantentheorie. 
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Degree 2. 

Hx 1 ° , the Hessian of/. Its seminvariant leading coefficient is 2(a a 2 — a I ). 

K x e , the fourth transvectant of /over itself. Its seminvariant leader is 
2(a a 4 — 4a,a 3 + 3a 2 2 ). 

l x 2 , the sixth transvectant of/ over itself. Its seminvariant leader is 
2(a a e —6a 1 a 5 -fl5a 2 a 4 — 10a g 8 ). 

Degree 3. 

Yx* ', the Jacobian of /and K, with seminvariant leader %aod 6 —' l /-« a i a 5 
+6a 1 2 a 4 — 12a 1 a 2 a 3 +2a a 3 2 +6a 2 8 . 

r^ 8 , the fifth transvectant of /and If. Seminvariant leading coefficient: 
2a a g a 7 — 7a a 3 a 6 + 5a a 4 a B — 2a, 2 a 7 -|- 7a,a 2 a 6 -|- 22a 1 a 8 a 5 — 25a x a 4 2 — 27a 2 2 a 5 
+45a 2 a 3 a 4 — 20a 3 8 . 

T^ x 5 , the Jacobian of / and H . Seminvariant leader : a e 2 a 3 — 3a a , a 2 + 2a j 3 . 

7)egree4. 

A, 8 , the Hessian of K. Seminvariant leader: if« 2 a 4 a 6 — 8a o a 2 a 4 2 + 
8a o a 3 2 a 4 _^a o a 1 a 3 a 6 ^-iV 2 Va305-32a 1 a 3 8 + ^a a^ 
2a 2 a 5 2 _ lSa^a/ — 8a a 2 a 3 a 6 -)-56« 1 a 8 a 3 a 4 +- 5 /-a a I a 4 a 5 +16a 2 2 a 3 2 . 

Pa, 4 , the fourth transvectant of K over itself. Seminvariant leading term : 
2(2a a,a 4 a 7 — ^a^a i a i a 9 — 10a a 3 a 4 a B + 4a a 4 3 — ^fa 1 2 a 3 a 7 - ^fa^^a,, +- 

\¥«l«3 2 « 6 +ff«l«/«7-fl«/«6+ 12 « 2 S «4 8 -T%«0 2 «6«7-il«0«l«5«6+T¥-«0« 2 «5 2 

+6« 1 2 a 4 a 6 +2a 1 a 3 a 4 2 -t-^a s 2 a3a 6 -^a a ;! a3a 7 -36a 2 a3 2 a 4 +^fa 2 a 6 2 + 

^j: 1 *, the Jacobian of H and K. Seminvariant leading coefficient: 
2(a 2 a 2 a 5 — 2a a,a 2 a 4 — a a^a s — 6a^a z a 3 - a l ^a i a i + 4a a 1 a 3 8 — a a/a 3 -|- 
3a 1 « 2 8 + 3a 1 3 a 4 ). 

Degree 5. 

r/j. 7 , the Jacobian of r and K, with seminvariant leader : 2a 2 a.,a 5 a 7 — 
7a 2 a 3 a 5 a e — 5a 2 a 4 a 5 2 — 2a a, 2 a 5 a 7 +• 7a a 1 a 2 a 6 a 6 +62a o a ] a 3 a 5 2 — 7a a 1 a 4 2 a 5 — 
57a a 2 2 a 5 2 +57a a 2 a 3 a 4 a 5 — 20a a 8 3 a 5 — 4a a 1 a 2 a 4 a 7 — 47a a 1 a 3 a 4 a 6 — 
15« a 1 a 4 2 a 5 +6a 1 8 a 4 a 7 — 21a ] z a 2 a 4 a 6 — 138a, 2 a 3 a 4 a 6 + 75a 1 2 a 4 s + 135a 1 a 2 2 a 4 a 5 — 
105a ] a 2 a 3 a 4 2 + 60a,a 3 8 a 4 — 2a a/a 3 a 7 — 14a a 2 a 3 'a 6 — 12a, 2 a 2 a 3 a 1 — 78a,a 2 2 a 3 a 6 
+ 36aj« 2 a 3 2 a 6 — 54a 2 s a,a 6 + 120a 2 2 a 3 2 a 4 — 40a 2 a 3 4 -|-44a a 2 2 a 4 a 6 — 20a o a 2 a 4 3 + 
10a„a 8 2 a 4 2 — 2a 2 a 3 a 4 a 7 +12a 2 a 4 2 a e -+ 80aj 2 a 8 2 a e — 40a 1 a 8 3 a 4 +8a a,a 3 2 a 7 -|- 
6« 1 a 2 3 a,+24a 2 4 a 6 + 6a 2 3 ffl 3 a 6 — 60a 2 3 a 3 a 5 . 

g^ 5 , second transvectant of K over r. Seminvariant leading coefficient : 
(« « 4 — 4a I a 3 -|-3a 2 2 )(12a ] a 3 a 7 — 20a I a 4 a 6 +8a 1 a 6 2 +18a 2 a 8 a 6 — 10a 2 2 a 7 + 
2a 2 a 4 a 5 — 20a 3 9 a 5 +10a 3 a 4 2 — 2a a 4 a 7 + 2ff a 5 a 6 ) — §(« a 6 — 3a 1 a 4 + 2a 2 a 8 ) 
(<i0a 1 a 3 a e — 3a,a 2 a 7 — 27a 1 a 4 a 6 — 12a/a 6 — 3a 2 a 8 a 5 +30a 2 a 4 2 — 15a/a 4 -|-3a a 3 a 7 
-18a a 4 a 6 + 15a a 5 2 )^(a a 6 -a 1 a 6 -5a 2 a 4 .+ 5a 3 2 )(2a o a 2 a 7 -7a o a 3 a (J + 
5« ff 4 a 5 — 2a, 2 a 7 + 7a 1 a 2 a 6 4-22a 1 a 3 a 5 — 25a ,a 4 2 — 27a 2 2 a s +45a 2 a 3 a 4 — 20a 8 3 ). 
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Degree 6. 
t x 2 , the Hessian of r, with seminvariant leader: 2[(2« a 2 « 7 — 7a a s «„ 
-h f ia a 4 a 5 -2a 1 2 « 1 +7« 1 a 2 f( a +22a 1 a 3 « 5 -25« 1 a 4 2 -27« 2 a a 5 4 45fl,a,a 4 - 20a 3 3 ) 
(6a 1 « s « 7 -10a 1 a 4 .a 6 +4a 1 a 5 3 +9rt 2 a 3 « 6 -5a 2 2 a 7 +a 2 « 4 rt 5 -10ff 3 3 « 5 +5a 8 a J 2 - 
a a 4 a 7 + a « 5 « 6 )-(10« 1 a 3 a 6 -a 1 « !! « 7 -9a 1 fl 4 a 5 -4a/« 6 -a 2 a 3 a 5 + 10« i ,a 4 - 

5a 8 8 a^+« ( ,a s a 7 -6a « 4 a +5a a 5 2 )-]. 

/S,,. 8 , the Jacobian of K and p. Seminvariant leader : J(a a 4 — ^ifla 
+3a/)(fa o a 2 a 4 a 7 -f§« a 3 a 4 a 6 -2a a 4 2 a 5 -J r V-« 1 a 2 «3«7+ 26 «.«/«6 

+6a a 3 « 5 8 + - 1 6 «-a 1 2 a 4 a 7 + 18ff,a 4 3 -- s 8 -a 1 « 2 a 4 a 6 +ft« 2 a 3 2 a 6 -^ ¥^«* a » a 4* 

+ TVu«o a «6«7-T5«0«2 a 4«7+A«0«/«T + Aao«i a 6 !! -T%«l'-«5« 8 +T5i- a < a 2 a 5 2 

+6a/a 4 )-2(a a s -3a 1 a 4 + 2a 8 o 8 )(2a a 1 a 4 a 7 -fto a I! o 4 a e -10o o a g a 4 « 5 

+4« a 4 3-V-« 1 ^ 3 «7-TF« 1 « 2 «.s« 8 + J T 6 /«i« 3 2 «5+ft«i«/«7-f««2 3 « a +24a/a 4 2 

-A«0 S «6«7-^«0«l«5«8+- 1 TV l «0« 2 «o a + 6 «1 2a 4« 8 +" 2 « 1«3«4 2 +fi«/«S«o 

-i F a « 8 a 3 a 7 -36a 3 « i ^« 4 +Mf«o 2 «6 2 + iM«. s «5 :! +H«o«3 8 «6+-T/«i«s«4«5 
+ 12o,*). 

Degree 7. 
S* 6 is the Jacobian of ^ and r. Seminvariant leader : 2(2a a 1 a 4 « 7 
-^a o a. j a 4a6 _lOa « 3 a 4 a 3 +4a a 4 3 --V 1 a 1 2 «3«7-l a i a S a 8 a 6+¥-«.«3 ! «o , 
+-V-«i«/«7 — V-«/«o -tMafa* -fa„ 8 a 5 «, -il« «i« 5 «o +&*•**«* + 6« 1 2 aa fl 
+ 2a 1 a 3 a 4 2 +-^«/a 3 a 5 -fa a 2 a.,a 7 -36a 2 a 3 8 a 4 +i|a 2 a 6 2 +^a^a 6 s +-V-«o«3 2 «8 
+-L^a 1 a 2 a 4 a 5 + 12« 3 *)(10a 1 « 3 « 6 -a 1 aja 7 -9a 1 « 4 a 5 -4a 2 s a 6 -« 2 a 3 a 5 +10a 2 a 4 i 

-5a 3 2 a 4 +a a 3 « 7 -6a a 4 « 6 +5« a 5 2 )-(|a a 2 « 4 a 7 -^a a s a 4 a 6 -2a a 4 2 a 5 

-\ 2 -a 1 a 2 « 3 « 7 +26« 1 a 3 a 6 -ipa 1 a 3 a 4 « 5 + 6a 2 3 a 7 — 7 6 8 -as 2 «3«o+ :L F fl! / a 4«5 
-ffa a 1 a 5 a 7 -^« a 2 a 5 a 8 +6a « 3 « 5 2 +-V«i s «4«i+ 18 «i«4 S — V«i«««4«6 
+-'/a.,« 3 2 a 5 -18« 2 a 3 a 4 !! +^« 2 a 6 a 7 -|a a 2 a 4 a 7 4 |a a 3 2 a 7 +|a « 1 « 6 8 -ia 1 ' < «5a 8 
+|^«ia 8 a 5 8 +6a 3 3 a 4 )(2a « 2 a 7 -7a a 3 a 8 +5a a 4 a 5 -2a 1 2 a 7 +7a 1 a 2 a 6 
+ 22a 1 « 3 a 5 — 25«,a 4 2 — 27a 2 2 a 6 +45« 2 a 3 a 4 — 20a 3 3 ). 

a,., the third transvectant of p over /. Seminvariant leading coefficient : 
Po r i -%Pi r i+3P2 r i —P» r o- Tne qiartic invariant of the 7— ic is the discrimin- 
ant of l x 2 , viz : 

O=2(14o a 1 a e a 7 -24a a 8 a 8 2 + 60« a 3 a 5 a 8 -40a a 6 a 4 2 -24a, 2 « 5 a 7 
+234« 1 a 2 a 5 a e -360a 1 a 3 a 5 2 +240a 1 a 4 2 a 5 + 60a 1 a 2 a 4 a 7 -360a 2 2 a 4 « 8 
+990a 2 a 3 a 4 « 5 -600a 2 a 4 3 -40«,« 3 2 « 7 +240a 2 a 3 8 a 6 -60a 3 3 a 6 +375a 3 2 a 4 8 -a 2 a 1 2 
-25«, 8 a 6 !! -81a 2 2 a 6 2 -18a o a 2 a 5 a 7 +10a a3« 4 a 7 -50« I a3a 4 a 6 ). 

Index =weight=14 . 

The invariant of degree 1 2 is the discriminant of r^ , viz : 
E=4[(2« a 2 a 7 -7« a 3 a 8 +5« a 4 a 6 -2a t 8 a 7 +7a 1 « 2 a 6 +22a 1 « 3 a 5 -25a I a 4 2 
-27a 8 *a 6 +45« 2 «3a 4 -20a 3 3 )(6« 1 a 3 a 1 -10a 1 a 4 a 6 +4a 1 a 6 2 +9a 2 a3a 6 -5a 2 2 a 7 
+a 2 a 4 a 5 -10a 3 2 a 6 +5a 3 a 4 2 -a a 4 a 7 + a a 5 a 6 )-(10« 1 a 3 a 6 -la 1 a 8 a 7 -9« 1 a 4 « (i 
-4a 8 2 « 6 -a i a B a 5 + 10a 2 « 4 2 -5a 3 2 « 4 + a rt 3 a 7 -6a a 4 a 6 +5a a 6 s ) 2 ] X [(10a,a s a 6 
— a,a 8 a 7 — 9a,a 4 a 5 — 4a 2 2 a e — a 2 a 3 a 5 + 10a 2 a 4 2 — 5a 8 2 « 4 + a a 3 a 7 — 6« a 4 a 6 
+5a a 6 2 )(7a,« 4 a 7 -7a ] a 6 a 6 -5a 2 « 3 « 7 -22a 2 a 4 a (i +27« 2 « 5 2 +25« 3 2 a 6 -45a3a 4 « 5 
_2a o a 5 « 7 +2a o a 6 8 +20a 4 8 )-(6a 1 a 3 a 7 -10a 1 a 4 a e +4a 1 a 6 2 +9a 2 a 3 « 6 -5a 2 2 a 1 
+a 2 « 4 a 5 — 10a 3 2 a 6 +5a3a 4 8 — a a 4 a 7 +a a 5 « e ) 2 ] — [(2a « 8 a 7 — 7A a 3 a B 
4-5a o a 4a5 _2a 1 2 a 7+ 7a 1 a 8 a 6 +22a 1 a 3 a 5 _25a 1 a 4 2 _27a 2 4 « 6 +45a 8 « 3 a 4 -20a 3 8 ) 
(7a l a 4 a 1 _7a ) a 5 a 6 _5a 8 a 8 a 1 _22a 2 a 4 a 6 +27a 2 a 5 2 +25a 3 2 a 6 -45a 3 a 4 a 6 _2a c l! .a 7 
4-2a o a 6 2 +20a 4 3 )-(l0a f a 8 a 6 _a ] a 2 a 1 _9a 1 a 4 a 5 -4a s 2a 8 -a 2 a 3 a 5 + l0a 2 a 4 2 
_5a 3 2 a 4 +a a 3 a 7 _6a a 4 a 8 +5a a 5 2 )(6a,o 3 a 7 -10a ] a 4 fl 6 +4a 1 a 6 2 +9a 2 a 3 a 6 
-5« 2 2 a 7 +a 2 a 4 a 5 -10o 3 2 a 5 +5a 3 « 4 2 -a a 4 a 7 +a o 5 a 6 )] 2 

Index=weight=42. 



